VOL. 15, NO. 4, APRIL 1977

AIAA JOURNAL 567

A Quasilinear-Approximation Model for Turbulent Shear Flow

Wojciech B. Stasiak,* Demetri P. Telionis,  and Ioannis M. Besierist
Virginia Polytechnic Insitute and State University, Blacksburg, Va.

Within the small turbulence Reynolds number approximation, closed form solutions are found for the
equations governing the random fluctuations of hydrodynamic turbulence, under the assumption of special
time-dependent uniform or sheared mean flow profiles. Constant, transient, and oscillatory flows are con-
sidered. It is found that in most cases the velocity correlation and, in turn, the turbulent kinetic energy are at-
tenuated exponentially with respect to time. For sheared flows it is possible that the turbulent energy grows with

time for a while but eventually decays again.

I. Introduction

HE traditional way of approaching turbulence problems

in engineering applications is via some closure
assumption on the second- or third-order correlation, !
Arbitrary constants and functions are then determined by
comparison to experiments. A very large number of papers on
the topic have appeared in the last two decades, suggesting
further improvements and generalizing the theories for un-
conventional flows. Detailed accounts and brief descriptions
can be found in recent review articles.*’ On the other hand
the approach of studying the problem through a
mathematical approximation has not been pursued very
actively. True, such methods are based on the small distur-
bance hypothesis, which may not be uniformly valid,
especially in boundary layers where the bursting phenomena
are clearly violating this assumption. Nevertheless some
interesting features of the flow can be deduced and, with the
advent of the modern computing machines, it is possible that
such methods may prove more meaningful, useful, and more
widely applicable.

Statistical studies of decaying turbulence were quite suc-
cessful in predicting turbulent dissipation and transfer of
energy between eddies of various sizes for isotropic flows. 8
More recently Deissler!® and Hasen!' have extended such
theories to flows with linear mean profiles. Assuming
homogeneous flow, that is assuming that the second-order
correlation, {u; (x,#)u;(x,t)), where u; is the velocity
fluctuation vector, depends only on the vector distance
between two points, x—x’ and dropping the triple
correlations, they solve the differential equation for (uu;).
The present authors'? have recently developed a statistical
approach along the lines of the Weinstock-Balescu-Misguich
formalism. '35 In the weak-coupling limit one arrives at a
complete set of closed equations for (u;) and (wu)),
corresponding to Kraichnan’s direct-interaction ap-
proximation. '%!7

In the present paper a new method for examining linear and
nonlinear stochastic differential equations is employed in
order to sudy the possible interaction between a uniform or
sheared  mean flow and turbulence. In particular, time
dependent mean flows are considered that involve transient or
oscillatory deterministic disturbances of the mean flow. Such
flows are often encountered in engineering boundary layers
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over helicopter blades, or turbomachinery cascades, etc. In
the next section we present some basic concepts of the theory.
Section III is concerned with uniform but unsteady mean
flow. Section IV deals with steady shear flow and consists of a
generalization of the work of Deissler'® and Hasen!! to
nonhomogeneous flow. Finally in Sec. V we study the
coupling of the random fluctuations with unsteady sheared
mean flow.

II. The Governing Equations

The incompressibility condition and the Navier-Stokes
equations in tensor notation take the form

dd;/ox;=0 (1)
o, _ o, ap 2
el B B R 2 5 2
ot ox; ax, M @

where i; and p are the velocity vector and the pressure divided
by density respectively, x; is the position vector and v is the
kinematic viscosity.

Vector and tensor quantities will be denoted with one or
two indices respectively. The indicial notation and the
familiar summation convention will be used throughout for
all dependent variables. Position vectors are denoted as
boldface when they appear as independent variables within a
parenthesis and with proper indices when they are used to
denote differentiation. Taking the divergence of Eq. (2) and
using Eq. (1) one may arrive at an equation for the pressure !’

2

Vip=— i (#41;) 3
ax,-axj Y

which, in turn, can be used to eliminate p from the Navier-

- Stokes equations. Let us assume now that we can decompose

the velocity and pressure fields as follows:
i=U;+u 1C))
p=P+p )

where U; and P are the ensemble average of the velocity and
pressure, respectively, viz.

Ui=<t;), P={p) ©

and u;, p represents the random fluctuations of the velocity
and the pressure respectively. We now assume that the tur-
bulent fluctuations are small, that is, we propose to consider
here only flows with low turbulence Reynolds number. 3 This
assumption is not too unrealistic even though it is well known
by now that some turbulent fields involve quite large random
fluctuations.
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Substituting Eqs. (4) and (5) into Egs. (2) and (3) and taking
an ensemble average, yields the familiar equations that govern
the mean flow. These equations are coupled with the fluc-
tuations via the Reynolds stress. The equations that govern
the random fluctuations read

ou; _ d aU; oap
—é—t—-—( l]a +pv? Yu; +uja é—;l— (@]
J U, 292
vip= (U‘—+ —)== (Uju;) ®

! ax; % ax; ax;dx;
In these equations quantities nonlinear in terms of the small
fluctuations have been dropped. This approach therefore, is
equivalent to Deissler’s'® who works with the equations for
the velocity and pressure correlation but disregards triple
correlations.

Equation (8) can be solved in general using an appropriate
Green’s function. For an infinite domain, the well-known
solution to Poisson’s equation is given by

© 2 32 (Uu;)

x, =—S - 9

plx1) e Tx—x'1 xx] ©)

Solutions to Eqs. (7) now can be constructed in general as
follows (cf. Appendix A)

! 19
u(x,t)=G(x, ty)u;(x, t0)+g G(x, t,5)u;(x, s)—ds
] 3x/
ap(x, s)

!
+S G(x, t,s) ——ds (10)
o ox;

where G is an operator commonly referred to in literature as
propagator. The above expressions are integral equations for
the unknown u;(x;,7). In the sections that follow we shall
consider several special cases, whereby the term «;8U,/dx;
vanishes and the first convolution integral of Eq. (10) is
eliminated. For such cases, calculations of a second moment
can be performed if the initial distribution of the velocity and
its second moment is known

Flj(x’xl;t) =<ui(x)t)uj(x,)t)>
=G(x,4,t5) G (x",41)T;;(x,x", 1))

+Sj (x,)

u;(x’ to) Yds

ap(x’,s)

j

+Sl G(x",,5)G(x,1,tp) uU; (x,tp)— Yds

ap(xs) ap(x’',s")
X an

14 t
+S S G(x,t,5)G(x',t,s")( Ydsds’
]
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HI. Uniform Unsteady Mean Flow
Let us assume that the ensemble average of the velocity
field is given by
(@ =UFf(t) (12)

where Uis a constant vector and f(#) an arbitrary function
of time. Equation (7) then reduces to

du; a ap
—=(=U2f(t) — +vV ) u;~ — 13
’f()ax, »yV2)u ox, (13)
It should be noted that for a constant U;, the right-hand side

of Eq. (8) vanishes by virtue of the continuity equation, and,
therefore, p satisfies Laplace’s equation. For the infinite
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domain we are considering and assuming that pressure

" fluctuations are finite at infinity, the only nonsingular

solution for p is zero or an arbitrary function of time only,
throughout the space; that is, p=p(¢). As a result, the
pressure disappears from Egs. (7). The general solution to
these equations for an infinite domain, without the pressure
term on the right-hand side, is given by

ui(x,1) =G(x,)u,;(x,0) (14)

In the sequel we will consider f,=0 and for brevity we will
omit ¢, from the arguments of the propagator G, i.e, G(x,¢,
0)=G(x,t). TheoperatorG(x,?) is given in general in terms
of an infinite series

G(x,t) =exp [ E~1 A,,(t)} (15)

(cf. Appendix A); however, in the particular case we are
considering, all A, for n<2 vanish since the operator
—Uzf(1)9/3x;+ »V ? commutes with itself. Thus,

! a
A0 =SO(—Uj°f(t)6/ij+vV2)dt = - Ufg(t)—é;— +ptv?
' J
: (16)
where

sw=| rou

It should be noted that since the operators d/dx; and Vv 2
commute, the exponential term in Eq. (15) can be factored (cf.
Appendix B) and the solution to our problem reads

ui(x,1) =e‘U;°g")’3/a"je"’V2u(x,0) a7

Equation (17) represents a closed form solution for the
instantaneous velocity fluctuation. To bring this result into a
more familiar form, let us calculate the velocity correlation

Fy(xx, ) =<u(x,)u;(x’,t)) (18)

Since the operator G is deterministic, the ensemble average
simply gives

Ty(0x',0) =G(x,)G(x",t) {u; (x,0)u;(x",0) >

o [-ursta (&4 )]

explvt(Vi+VZ)IT;(xx’,0) 19

Several simple initial conditions will now be assumed:

Purely Random Field

T (x;,x/,0)=A;6(x;—x{); where A, is a constant and 4 is
the Dirac delta function. Equation (19), then, via Egs. (B3)
and (B4), becomes

T, (nx,r) = ) [

(x—x")?
k] Rl B

8vt

To facilitate comparison with familiar results in the theory of
turbulence, we introduce next the conventional center-of-mass
and relative position variables

R=Vi(x+x"), r=x—x’ 1)
In terms of these variables, the velocity correlation becomes

AGH(1)

s
(81rvt)3’2e( 8v) 22)

Fij(r’R’t) =
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It is seen that the time dependence of the mean flow does not
affect the random fluctuations. Moreover, the homogeneity
property, implicit in the initial condition, is preserved for
t>0. Thus the above solution reduces to the well-known
‘results of Batchelor® and Deissler® for steady mean flows.
One simply needs to take a Fourier transform in order to
arrive at

17= o AGH(Y .2
Ty (kR1) = E}S o TR dr = o e (7D

@3)

The energy spectrum now can be derived by contracting the
correlation tensor and integrating over the surface of a sphere
in the k-space. One can immediately see that the turbulent
energy decays exponentially with time.

Gaussian Field
T(xx ,00=Aexpl—a(x+x’')?—b(x—x")?]; where a
and b are positive constants. Note that in terms of the
coordinates of Eq. (21), the energy is initially distributed in a
" quassian form: T’ ji(x,x,0)=A,jexp(—4ax2). By virtue of the
formulas of Appendix B one can bring Eq. (19) in the form

AGH(Y)

Ly(nRD =16t 1) Bort+ 1177

ex [ —I-(I —I->r2
P L™ g \" " Trsvin

=51~ ) (R-07e00) | @

Consider first the special case where the mean flow does not
fluctuate with time. Specifically, we let f(¢) =1,
corresponding to which g(¢) =¢. The gaussian distribution of
the energy is then diffused in space, as time increases

T, (O,R,t) = AgH ")
yt® ’)'[(8aut+1)(8aut+1)]3/2
1 1 .
exP[_Z_lzt(I_ I+8vat) (R"U ')I] 25)

Next consider the special case of a mean flow that fluc-
tuates harmonically about a constant, that is f(¢) =
1+ Bsin(myt). Here 3 is the relative amplitude and w, is the
constant frequency of the externally imposed deterministic
fluctuation. This type of time dependence is very common in
engineering applications, for example, in flows through
turbomachinery cascades, flows over helicopter blades or
internal flows through blood vessels, etc. For this particular
form of the dependence on time, Eq. (24) becomes

A H (1)
[(8avt+1) (8bvt+1)1°7

T'j(rn,R,t)=

o157 U 55m)
exp) - —(I—-————) - —\I- ———
U™ 8\ T T eumt 20\ 13 8vat

3 E ® ﬁ 2
[R—U (t+ ” y+U o cos(wot)] } (26)

This case is characterized by a fluctuation superimposed on
the decaying process. Moreover, the fluctuating part has a 90°
phase advance with respect to the mean flow and its amplitude
decreases with the increase of the frequency of the forced
oscillation. This means that high frequency oscillations would
be filtered out and would never excite the turbulent field.
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IV. Steady Sheared Mean Flow

Consider a mean flow with a linear velocity profile, a case
extensively studied both theoretically and experimentally. "%

Specifically, let

U, (x,y,2) =ay, Ux(x,3,2) =0, U;(x,y,2) =0 v4)]

We decided in this section to sacrifice elegance for the sake of
clarity, by using a mixed notation and replacing occasionally
the coordinates x;, x,, x; and the velocities #,, u,,u; with the
symbols x,y and zand », v, w, respectively. The differential
equations that govern the fluctuating velocity components,
[cf. Egs. (7)], within the limitations of our weak turbulence
assumption, become :

du a R ap
—=(—-ay— —qu— —— 28
37 ( ayax +vV)u—av o (28)
av a 5 ap v
T = (—gy— - 29
at ( ay6x+VV Yo ay @)
ow ad B op
L = (—gy— —— 0
Y ( ayax+vv yw 7 30)

A general solution to the above set of equations can be
written in terms of convolution integrals to account for the
forcing functions dp/dx, dp/dy, and 98p/dz. However,
meaningful physical interpretation, cannot be extracted
without tedious numerical calculations of the integrals in-
volved. In the present section instead, we shall seek closed
form analytical solutions to simplified equations, namely:

u d 5
a:(—ay5;+vv Yu—av 31)
v d R
a=(—ay5; +vV-)v (32)
d a
—%—=(—ay5; +VV2)W (€X))

This is certainly not fully justified, and the new equations
cannot be used to study precisely the phenomenon of
hydrodynamic turbulence. Nevertheless, we believe that the
mechanism of turbulent interaction between the mean sheared
flow and the random fluctuations is not completely ignored
and, as a result, Eqgs. (31-33) constitute an approximate model
for the phenomenon of weak turbulence. Moreover,
Deissler'° pointed out that the contribution of pressure for
this particular problem is confined to the coefficient of ex-
ponential functions and, therefore, does not participate in the
exponential growth or decay of the disturbances. In fact,
Burgers et al.'® indicated that for the present case the pressure
terms disappear altogether from the contracted form of the
velocity correlation equation.

The propagator for all three differential expressions in Eq.
(31-33)is given by (cf. Appendix A)

d a
G(x,t)=exp(A,)=exp§0 (—ay5;+vV2)dt 34)
Defining now the operators
A=vtv? B= —ayt—a— (35)
ax
itis easy to see that
[A,[A,B]1=0 and [B,[B,[A,B]]l=0 (36)
and
[A,Bl= —2vat?3?/3xdy 37

[B,[A,Bll = — 2va?t392/3x? (38)
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hence, according to Eq. (B6),

G(x,t) =exp(rtV ?)exp ( —-ayt~a—>
ax

8? 2 a2
exp | vat? ———) ex ( “va’t? —) 39
P (" axay! P \3" T ok 9
The order of the operators can be interchanged for com-
putational convenience in accordance with the identity given

in Eq. (B7). Thus,

a2 )
- 2 2
G(x,t) =exp(vtV “)exp (vat ayox

(1 2t3a—2>ex ( ati) 40)
XA\ 3P 552 ) PTG :

Solutions to Eqgs. (32) and (33) can now be easily con-
structed:

vix, 1) =G(x,1)v(x,0) 41
wix,t) =G(x,t)w(x,0) (42)

Considerable physical insight can be gained by calculating
the velocity correlation. Consider, for example,

Fvu(x’x,;t) = (v(x,t)v(x’,!) >
=G(x,H)G(x',1)(v(x,0)v(x",0)) 43)
Since G (x,,t) and G(x/,¢) commute,

T,,(xx",t)=exp vt(V+ v'?)]
ex [atz< o + 97 )]ex [1 a’t’ 0 + o )]
’ e L9 2 e
P ayox oy ax /1P L3P N 2 T ox2

) ro 0 (44)

[ t( 3 ty 0
exp | —atl y— -_—
P yax 4 ax’

In terms of the coordinates r; and R; given by Egs. (21), the
velocity correlation becomes

3? 8?
I',,(rR,t) =exp [th— ]exp [2vat2 ]
ar;or;

8r16r2
ex [2 a2t3—ai]ex [ atr —a—]ex [1 t 9 ]
PL3" " 571%P 2or, 1P 1 2" 3R 4R,
ex [1 at? & ]ex [1 a’t’ 32]
Loart- L, o
PL2" 3R,aR, 1P 16" " 3r2

a
exp [—atRz EW] r',,(r,R,0)
1

The corresponding expression in Fourier space has the form

(45)

2
I',,(k,K,t) =exp [—2vt(k2+ak2klt+a?kft2)]
1 , a’?
exp —EVZ(K +aK2K,t+?K‘,"t2)]

X ook ko +atk ks, kp, k,+atK ,K;3:0) (46)

- For homogeneous turbulence the above result may be
further simplified as follows:

2
T, (k,t) = expl—2vt (k? + ak k1 + %kit’)]

XUk ko +atk,, ks, 0) 1C)
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Except for a factor k~* which arises from pressure, this is
identical to the result derived by Deissler !° and Hasen. !!

It is immediately seen that for a uniform mean flow, that is
for a =0 the velocity correlation and, similarly, the turbulent
kinetic energy, which is a summation of terms like ', (k;,7),
are attenuated exponentially with respect to time; fur-
thermore, the attenuation is more violent for large wave
numbers, that is, for small eddies. For sheared flow, though,
it is possible that the turbulent energy increases with time fora
while, if the product k,k; is negative. However, the terma?/3
k2¢? will soon overpower the term ak,k ;¢ and the energy will
eventually start decreasing exponentially.

For a physically reasonable initial condition, Deissler !
proposes a correlation that corresponds to isotropic tur-
bulence. ® Specifically,

L (k0)= (Jp/1277) (8; —kik;) (48)
For this particular case, our Eq. (47) becomes
J 2
Tutht) = %5 (K +k3)expl—2ut(k? +akk t+ %k‘,’t’)]
T

“9

Similar results have been derived by Hasen. !!

Comparing the method employed by Deissler ! with ours,
we observe that he solves equations for the second moment
and then only in the Fourier space. In fact, his method is
confined to linear mean flow profiles, because only then can
he arrive at partial differential equations of the first order,

- that have closed form solutions. If a quadratic profile is

assumed, then one would come up with second derivatives in
phase-space. In the present method and at the same level of
approximation, we work directly with equations for the
random- fluctuations. The solutions are then combined in
order to form second moments. Moreover our analysis
proceeds in the physical space and only for purposes of
comparison with earlier theories we calculate the Fourier
transform of the final result. Deissler’s work is confined to
homogeneous flows. The present analysis is not limited to
such flows and again, only for the sake of comparison, our
result is reduced to Deissler’s. Finally, the present method can
take into account the time dependence of the mean flow.

The solution of Eq. (31) is a little more complicated, since it
involves a convolution integral that depends on v (x,?):

t
u(x,t)=G(x,t)u(x,0)—agoG(x,t—s)v(x,s)ds (50)
This expression can be used to calculate the Reynolds stress:

L (xx’,t) =Cu(x,t)v(x’,t) Y=G(x,t) {u(x,0)v(x,0))

t
—aso G(x,t—s)(v(x,s)v(x’,t))ds (61))]

The calculation of the velocity correlation in the x direction
involves double convolution integrals and a numerical in-
tergration would be necessary.

V. Time-Dependent Sheared Mean Flow
We consider here a mean flow with a time-dependent shear.
Specifically, we assume that

Ui (x,y,.2,t) =apf(t), U;=0, U;=0 (52)

With E(t) = —ayf(t)8/0x+»V %, we calculate the functions
A;(t,ty) (cf. Appendix A):

- d
AI(t,0)=—ayg1(t)a—x+vtV2 (53)
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8:(40) =var: () (54)
32 .
5600 =~ 207, (1) 5 (55)
A, (£0)=0 for n>4 (56)
where
= s 7
‘ 5
e20= s~ asarisas, 58)

I t s s
&0=2{ "] Mwen sy

0Jo

+1f(s3) —f(52)1f(s;) }ds;ds,ds; 59

Our solution can be constructed in terms of the propagator

2

d d
G(x,t)= [,vz__ t) — + -
(x,t) =exp |» ayg;( )ax vag, (1) axdy

S,
- 200%8,(1) 5 (©0)

Once again we can factorize this expression according to the
identify given by Eq. (B6):

G (x,t) =exp(ntV ?)exp(—ayg, (1) % )

3’ 1 3’
exp [ (28, (1) +, (1) axay]exp [—;W’gz(’)gf(‘)s;?]
2 92 9
exp[-;vaztgi(t)p]exp‘ [—ZVang(t)gx—g] 1)

Interchénging the order of the exponential operators ac-
cording to Eq. (B7), we finally arrive at the expression

_ 2
G(x,1) =exp(»tV ? )exp [Va(fgl (£) +8:(1)) azay]

] 1
exp {va2[3gz<t)g, (1) + 5183 ()

]

;) 2
3 ™ 62)

—2g; (t)]?]exp(—aygz ()

Let us again calculate, for homogeneous trubulent flow, a
component of the velocity correlation in the Fourier space:

T,, (k1) =exp {—muc? +ag, (£)k k,] - 2vag, (1)k,k,

: 1 1
~ 207k 158, (081 (1) + 5 18T (1) =283 ()]

xrw(kth +ag1 (t)kl’kj,'o) (63)

We consider next the following special cases:

a)f)=1+at.

This corresponds to a linear shear profile that becomes
steeper and steeper as time increases. In this case the functions
g; become

g, (H)=t+at?/2, g,(t)=at’/6, (64a)
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g; (1) = —a?t’ /240 (64b)

and for homogeneous flow, Eq. (63) assumes the form

2
T,, (k) =exp {—zw[k2+ak,k2(t+—3‘fz2)]

1 Sa 2
-2 2k2 _t3+_t4 il 2[5 }
ki (U Ty A et

Ly, (kp,k; +ag; (8)k,,k;3,0) (65)

Once again, it is observed that the term ak k, (¢ + (2a/3)t?)
may permit a temporary increase with time. This will be
quickly dominated by higher powers of time and the solution
will eventually decay. It is interesting to note that for small
mean flow shear, that is for small a, this effect is even more
pronounced. The growth of this term is further reinforced due
to the unsteady effects, that is the presence of the term
2at? /3. It may be possible that this growth may violate the
validity of the present analysis, before the higher order terms
take over. Such an instability effect could conceivably be the
catalytic effect for the creation of large turbulent eddies, a
phenomenon that we can not capture with our low turbulence
Reynolds number approximation.

b)f(t)=1+asin(wyt).

This corresponds to a linear shear profile with a slope that
oscillates with frequency w, about a mean equal to 1. The
functions g;, after some algebra, are found to be

o o .
Wy wp -
20, ‘ o o
82 (t) = — sin(wyt) — — tcos(wpt) — — ¢ (67)
(O] Wy Wy
t) o 3a2t+1at2+a t+1 o? et
=—— —— — +-—— 4+ — c0s = ——=si
& w? 8 w 12 w Rt 2 2o
+1a2sin2t 1a2ts2t1a2tot
— Wt — — ———Cos2wt — costw
8 o 24 »? 3 w?
+ I« tsinwt ! 2 f2coswt (68
el of — — =
2 w? 22w O0F )
The exponential of Eq. (63) now becomes
'Igg+1t-’ 2 —I33+a2+2a
2828113 87 33—3 202 w3
2
- oswyl — — in2
w{; COSwy 4 ol SInZwyl
o’ 2 @ 2
+ —5-tc0s“wyt — —— 12 cosw,t (59)
Wy Wo

The dominant term remains the term 1/3¢° and the solution
decays again with time.

Finally, we can consider a mean flow fluctuation in-
dependent of space

U, (x,y,2,t) =ay +asin(wyt), U, =0, U;=0 (70)

This case can be treated relatively easy with the present
method. On the other hand it is quite significant in practice,
because it has been observed that the deterministic part of
fluctuating turbulent boundary layers is almost uniform
across the thickness of the boundary layer?! at least for large
values of the frequency.
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The propagator G, by virtue of the Eq. (B6), becomes

! a ¢ a 5 ]
= - i . — dr
G (x,t) =exp [ So asinw,? ™ dt] exp [SO (ay ™ +vV?)

()
and the velocity correlation reads

T, (x,x,1)=G(x,t)G(x",t) T, (xx',0)

d 9 a
=exp[— ;a; (I—cosaygt)(a; + F )]exp[t(aya +rv?)]

a
explt (ay’ P +vv’?IT,, (x,x’,0) (72)

Taking a Fourier transform of the above expression we arrive
at an equation almost identical to Eq. (46)

2
T,, (k,K,t) =exp[—2vt (k2 +ak2k,t+a—3—k§t2)]
1 a’? o
exp [- Evt(Kz +aKZK1t+?K,2t2) + — (1—coswot)L,]
Wy

T, (k; ko ks, KKy + — (1—coswpt) K, K;,0) 3)
W

The new term represents a frequency modulation propor-
tional to the amplitude and inversely proportional to the
frequency of the forced fluctuation. The effect disappears if
homogeneity is assumed.

VI. Conclusions and Recommendations

This paper represents the initial results of an effort to
understand and utilize some powerful mathematical tools in
the theory of of turbulence. Several classical results have been
reproduced by a more effective and straightforward method.
Unlike previous methods, the present approach is not con-
fined to steady mean flows or homogeneous turbulence.

In the spirit of the present paper, that is, within the low
Reynolds number approximation, some natural and
straightforward extensions are possible. For example, we
intend to extend the present theory to a quadratic mean
profile, a profile that resembles more realistically the flow in a.
turbulent boundary layer. Then we intend to consider the
effect of a wall which would give us some information about
the viscous sublayer and the inner layer of a turbulent
boundary layer. It is felt that in this region the linear profile
assumption and the small disturbance approximation are
quite realistic but the pressure fluctuations play a vital role
and cannot be ignored.

This investigation will hopefully guide the parallel effort of
improving the closure assumptions that are necessary for
calculations of engineering problems. It is later intended to
improve the level of approximation by taking into account
terms proportional to the square of fluctuating quantities. In
this case though some numerical calculations will be necessary
in order to yield results for comparison with experimental
data.

Appendix A

Throughout the present paper we use methods of solution
that have been developed in the last few decades and widely
used in physics and quantum mechanics. They include ex-
ponential operators, time-ordering functions, etc. These are
tools that have been proven to be powerful and effective in
certain areas, yet we found that they are relatively unknown
to the engineering community. In this Appendix, and the one
that follows, we review some of the most basic ideas and
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present several useful formulas and identities. For more
details the reader is referred to Wilcox?® and Misguich and
Balescu, 413

Consider the differential equation

E'i%:ﬁ =E(x,t)u(x,t) +F(x,t) (Ala)
u(x,ty) =uy(x) (Alb)

where E(x;t) is a differential operator containing space
derivatives only. The solution can be written as follows:

t
u(x,t)=G(x,t,t0)u0(x)+Sto G(x,t,t’)F(x,t’)dt’ (A2)

The propagator G (x,,t,) is a space operator, defined as the
solution of an initial value problem, viz.

%G(x,t,t,,) =E(x,t)G(x,1,t)), t=t, (A3a)

G toty) =1 (A3b)

where I is the identity operator. For an unbounded domain,
G (x,t,t,) is given explicitly by the formula

o t

I 13 tn—I
Gxtt) =), ~ S:o dt, Slo dt,... St,, dr,,

n=0
t
XE (x,(;)E(x,t;)...E(x,t,) =X exp [S E(x,s)ds] (A4)
o

The symbol X in this expression denotes a time-ordering
operator and is defined by

XE(x;tI )E(xth )-'-E(x:tn) =E(x,tk1 )E(x’th)"'Ex’lkn)
(A5)

where Ly Z o2 2y,

In general, the propagator G(x,t,f,) can be found by an
expansion of the form

G(x,t,t5) =exp E A, (x,tty) (A6)
n=1

The operators A, (x;,t,¢,) can be expressed in terms of the
operator E(x;,t) as follows:

!
Al (x,t,t0)= S[ E[dt[ (A7)
0

4

1q :
A2 (x,t,t0)=§ S(o dtl S{O dt2[E1)E2] (A8)

2

1 t ty
A3(x,t,t0)=—S dt,S dtzs dt,
6 Jy to tg

{ [[EI:EZL E3]+[[E3:E2]1E1]] (A9)

1 ty ty t3
A4(x,t,t0)="“ S dtl.g dtzS dtjg dt4
12 Jg to to 9

{{IEs,E,), EqL, Ej]1+1IIE;, E4l, E), E)]
+{lE,,E;}.E;},E(] + [E,, E ). E;1.E; ]} (A10)

where E, denotes E(x,¢,) and bracket symbols stand for the
commutator of two operators. It can be seen that if E does not
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depend on time, the time-ordering operator reduces to the
identity operator.

Appendix B

This Appendix includes a number of basic formulas and
identities of the algebra of exponential operators. It is
provided here with the intention of familiarizing the reader
with some elementary operations used in the present paper.

As a simple example of an exponential operator, consider
the operator E=cd/dx, with ¢ a constant. The exponential
operator in (A4) corresponds in this case to a summation of
derivatives, viz.

G(x,t,ty) =™ =1+ (t—1,)8/9x + (1/2)(t—t5)?8%/0x?
(B1)

Similarly, for the operator E=C,3/dx;, with C; a constant
vector, the exponential operator in (A4) corresponds to a
spatial displacement. Specifically,

@

1 I
Gt ty) = Eon—![(t—to)cig] (B2)

and
G(x,42)f(x,) =fIx+ (1 —15)C,1] (B3)

It should be noted, however, that if E is a more complex
operator, the interpretation of the exponential operator in
(A4) is not always obvious. For example, for a Laplacian
operator cd? /dx;0x;, with ¢ a constant, the propagator in (A4)
corresponds to an integral operator

2

o [ g, /50
= H(t) ’ _ (x_xl)Z
" (4mc)3”? de €xp [ 4 ]f(x;t) (B4)

The exponential of a summation of two operators can be
factorized onlyif the operators commute, namely

eAtB —gdeh (B5a)
if
[A,B]=AB—-BA=0 (B5b)

If the operators 4 and B do not commute, then, in general,

1
exp(A + B) =expA expB exp(— ) [A,B])

1 1
exp(} [B,[A,B]] + 5 [A4,[A.B]))... (B6)

Moreover, if the operators A and B do not commute, the
order of the product of exp 4 and exp B ¢an be interchanged
as follows:

expA expB=expB expA exp([A,B]) (B7a)
if
[4,[4,B]]=[B,[4,B]1=0 ‘ (B7b)
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